Introduction
Nowadays, Kähler Geometry can be seen as a Holomorphic Calibrated Geometry over a Symplectic structure and thus it represents a perfect synthesis of the Symplectic and the Holomorphic worlds and a sort of chemical analysis of symplectic and holomorphic contribution can be successfully performed in order to better understand the role of the different components of the theory; e.g. In particular, every Calabi-Yau manifold is a QIS manifold.
In [2] it is shown how QIS's provide preferred setting to develop symplectic topology via the theory of Lagrangian submanifolds and their Maslov classes (see also [4] ); moreover, (again in [2] ), it is proven that to any compact symplectic manifold (M, κ) can be attached a non compact QIS manifold whose Lagrangian submanifolds reflect the Lagrangian submanifold of M . The aim of this paper is the study of deformations of Calabi-Yau structures in the QIS directions. The celebrated Theorem of Tian-Todorov (see [16] , [17] ) states that, if M is a compact (non-flat) Calabi-Yau manifold of dimension n 3 and π : X → S, 0 ∈ S, π −1 (0) = M , is the Kuranishy family of M , then S is a non-singular complex analytic space such that dim C S = dim C H 1 (M, Ω n−1 ).
In other words, the moduli space of Calabi-Yau manifolds is unobstructed.
In the present paper, we show that QIS manifolds are somehow the perfect setting for a generalized deformation theory of Calabi-Yau manifolds,
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in the sense that we provide a complete description of the moduli space of QIS deformations of a given Calabi-Yau manifold and, via the implicit function theorem we are able to prove that the theory is completely unobstructed.
The paper is organized as follows. In section 1, we start by giving and fixing some preliminary notation on linear complex and symplectic structures. In section 2, we introduce QIS manifolds, finding a necessary and sufficient cohomological condition in order that, on a compact symplectic manifold (M, κ), with vanishing first Chern class, a κ-tamed almost complex structure J gives rise to a QIS structure on M . Section 3 contains the main results of the paper. We define the moduli space of quantum inner state structures on a compact Calabi-Yau manifold (M, κ, J, ) as
where
denotes the space of pairs(K, η) such that, K is a κ-tamed almost complex structure on M , η is a complex (n, 0)-form with respect to K, satisfying (0.1),
and the group Diff (M ) acts on B in a natural way. We prove the following (see Theorem 3.5)
the moduli space of quantum inner state structures on M . Then the tangent space
The operator ð J is the Tian-Todorov operator which appears in the holomorphic deformations of Calabi-Yau manifolds. The following (see Theorem 3.6) shows that the moduli space M is not obstructed.
Then the moduli space M of quantum inner state deformations of (M, J, κ, ) is unobstructed.
Furthermore, the tangent space to M at [(J, )] decomposes as
where H corresponds to the non-obstructed space of holomorphic deformations, a(E) = ∂ * J Λ 0,3 (M ) and s(E) encodes the space of calibrated deformations.
In other words, M is a germ of smooth manifold with tangent space given by
As pointed out by the referee, it is natural to ask whether the quotient topology on the moduli space M is Hausdorff. Indeed, Fujiki and Schumacher in [8, Corollary 3.4] proved that the moduli spaces of Kähler and almost Kähler structures on a compact symplectic manifold with the quotient topology are Hausdorff. Similar techniques could be used to show that M is Hausdorff too. We leave this problem for further investigations.
Finally, in the last section, several examples of QIS manifolds are presented and discussed.
Complex structures and symplectic forms
Let V be a 2n-dimensional real vector space. A linear complex structure on V is the datum of J ∈ Aut(V ) satisfying J 2 = − id. Let J be a linear complex structure on V . A positive definite scalar product g on V is said to be J-Hermitian if g(Ju, Jv) = g(u, v), for any u, v ∈ V .
A linear symplectic structure on V is the datum of κ ∈ ∧ 2 V * such that κ n = 0. Let κ be a symplectic structure on V . A linear complex structure J is said to be κ-tamed if
and J is said to be κ-calibrated if
defines a J-Hermitian positive definite scalar product on V . Notice that, any κ-tamed linear complex structure gives rise to a J-Hermitian metric g J on V defined by
Denote by T κ (V ), C κ (V ) the set of κ-tamed, κ-calibrated linear complex structures on the symplectic vector space (V, κ) respectively. Set
where M 2n,2n (R) denotes the set of real matrices of order 2n and J n is the standard complex structure on R 2n . Then, T κ (V ) is homeomorphic to a 2n 2 -dimensional cell and C ω (V ) is homeomorphic to an (n 2 +n)-dimensional cell. On R 2n consider the standard symplectic structure κ n . Then, every κ n -tamed linear complex structure J can be uniquely represented as
and every J κ n -calibrated can be uniquely represented as
Let (M, κ) be a symplectic manifold. We recall the following Therefore, if J is a κ-tamed almost complex structure on M , then
defines a J-Hermitian metric on M . We will denote the space of κ-tamed almost complex structures on (M, κ) by T κ (M ). If J is an almost complex structure on M , then the space of complex r-forms
In view of the Newlander-Nirenberg Theorem, J is integrable if and only if A J = 0.
Let (M, κ) be a symplectic manifold and J be a κ-calibrated almost complex structure. In such a case, the Chern connection ∇ C is defined by
where ∇ LC denotes the Levi-Civita connection of g J . It turns out that
N J being the Nijenhuis tensor of J.
Quantum inner state manifolds
Let (M, J, κ) be a compact Kähler manifold with c 1 (M ) = 0. Then, in view of Yau's Theorem (see [19] ) on the solution of Calabi conjecture and of the structure results on Ricci-flat compact manifolds by Cheeger and Gromoll (see [5] ), it follows that (M, J, κ) admits a finite covering biholomorphic to the Kähler product manifold
Therefore, for each 1 h r, there exists a nowhere vanishing section
We recall the well known
In view of the structure results about compact Ricci-flat manifolds, up to coverings, we shall confine ourselves to the case π 1 (M ) is finite, namely, we assume that there is no torus factor in the decomposition (2.1), i.e., M is a finite quotient of
The remaining cases will be treated elsewhere.
In order to perform a more flexible deformation theory of Calabi-Yau manifolds, we need to introduce a class of manifolds which represent a possible generalization of the Calabi-Yau ones.
We give the following
note that g J can be conformally rescaled in such a way that | | = 1, which gives ∇ C = 0 , where ∇ C refers to the induced canonical Chern connection.
Observe that we do not require the integrability of the almost complex structure J.
Let (M, κ) be a 2n-dimensional compact symplectic manifold with vanishing first Chern class.
We are interested in finding necessary and sufficient conditions in order that a κ-tamed almost complex structure J gives rise to a quantum inner state structure on M .
Let J be in T κ (M ); starting from the Riemannian metric g J , we can define the Hodge operator * : Λ
and consider the usual differential operators ∂ for a (0, 1)-formγ. Consequently, for every function λ = 0, we have
where G J denotes the Green operator of J ; the nowhere vanishing (n, 0)-form
, we obtain the following 
QIS deformations of Calabi-Yau manifolds and moduli space
In this section we are interested to deform Calabi-Yau manifolds in the Quantum Inner State directions. From now on, (M, J, κ, ) will denote a compact Calabi-Yau manifold with H 1 (M, Z) = 0. Let us start by fixing some preliminary notation. Let (V, J) be a 2n-dimensional real vector space endowed with a linear complex structure J.
J and <, > denotes the duality pairing.
We recall the following (see [17] , [16] )
Then the following holds
Hence, also the ð J ∂ J -lemma holds, i.e.,
Remark 3.3. -The operator ð J can be also defined as
The holomorphic deformation theory of Calabi-Yau manifolds is well understood via the integrable DGBV algebra (A, ∂ J , ð J ) (see [16] , [17] ), where
In the sequel we will set
Let (J, κ, ) be a Calabi-Yau structure on the compact manifold M . We are going to study the infinitesimal structure of B at the point (J, ). For this purpose, let
Then, as recalled in section 1, the map
is a bijection and the inverse map Φ −1 is given by
This means that the space Tκ(M ) of κ-tamed almost complex structures on (M, κ) can be linearized, i.e., Tκ(M ) is parametrized by a dense open subset of a linear subspace of End(T M ). Let V be a vector space and let P be an automorphism of V . Consider
we have that ∈ Λ n,0
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Define now
Then F can be linearized by using the action ρ through the following map
Let V be a vector space and L ∈ End(V ); then, for every
In this way, we can define τ (R) for every R ∈ Λ(V * ) ⊗ V . Let M be a smooth manifold and
Then extend r(L) to every k-form α as a skew-symmetric derivation. By definition, r(L) is quadratic in the endomorphism L and of order zero. A key tool in the computation of the virtual tangent space to the moduli space of quantum inner state structures is the following lemma, whose proof will be given in the Appendix.
Then the following formula holds
Assume that a κ-tamed almost complex structure K = Φ(L) is given on M . Then the exterior differential d splits as
and K is holomorphic if and only if
Therefore, by taking the (p, q+1) components of formula (3.1) of Lemma 3.4, we obtain
Since J is holomorphic, we have
Now we are ready to prove the following 
be a smooth curve in B, with γ(0) = (J, ). By the above discussion,
where L t = tL + o(t) and
, with λ t = tλ + o(t). Then, by using formula (3.2) and the definition of Lt , it follows that the condition ∂ Jt t = 0 holds if and only if
Hence, the tangent space to B at (J, ) satisfies
Observe that
and that the ∂ J ∂ J -lemma holds for (M, J), and, consequently also the ð J ∂ J -lemma holds. Therefore, we claim that
Note first that:
The group Diff(M ) naturally acts on B and there is an induced action on the endomorphisms L, namely
Let X be a smooth vector field and {φ X t } , t ∈ R, be the induced 1-parameter subgroup of Diff(M ). Then, we get
On Λ * ,0
Therefore,
Consequently,
Hence, we have showed that
and
Denote by
the symmetric, respectively the skew-symmetric part of any L ∈ E. We have the following
Proof. -We start by proving the first part of the statement. We will apply the implicit function theorem; recall that, setting
n,0 (M ) and η∧η is a volume form} and
then we defined the moduli space of quantum inner state structures as
By Theorem 3.5, we have that
Then the map
linearizes F. Consider the following map
Then, the first order differential operator acting on functions as
is elliptic. By definition of the map p, the zero set of p is the set of quantum inner state structures on M . In view of the assumption, we have that H 0,1 ∂ J (M ) = 0, and, consequently, we obtain that
By Theorem 3.5, it follows that the differential p
We claim that
Indeed, it is Λ 0,1
By the definition of ð J -operator, it is
Therefore, by the ð J ∂-lemma, it follows that there exists L such that
Hence, passing to a suitable Sobolev complection, using the implicit function theorem for Banach manifolds and standard regularity arguments holding for elliptic differential operators, we obtain that, for every [ 
This shows that M is unobstructed. Now we prove the second part of the statement. First of all, observe that
In view of the ð J ∂ J -lemma, it can be easily checked that, the inclusion map
Therefore, by Hodge Theorem, we have that
Hence, it follows that
Therefore, we obtain that
Finally, every L ∈ s(E) corresponds to a calibrated (virtual) deformation, L being symmetric. The theorem is proved.
Remark 3.7. -It would be natural to characterize explicitly the locus in M corresponding to the classical Calabi-Yau deformations and, possibly, to derive another proof of Tian-Todorov Lemma from Theorem 3.6.
Remark 3.8. -If (M, J, κ, ) is a 3-dimensional Calabi-Yau manifold, then the set s(E) can be identified with
Examples
We start by giving an example of an almost complex structure on a compact manifold which is calibrated by a symplectic form and with no invariant nowhere vanishing and ∂-closed (3, 0)-forms .
Example 4.1. -Let g be the 6-dimensional nilpotent Lie algebras whose dual space g * is spanned by {e 1 , . . . , e 6 } satisfying the following MaurerCartan equations:
Let G be the simply-connected Lie group with Lie algebra g and M = Γ\G the associated compact 6-dimensional nilmanifold, for a uniform discrete subgroup Γ ⊂ G (see [14] 
Then g is a 6-dimensional (real) completely solvable Lie algebra, i.e., ad X has real eigenvalues, for any X ∈ g. It turns out that the simply-connected Lie group G having g as Lie algebra, admits a uniform discrete subgroup Γ ⊂ G (see [9] ). Hence M = Γ\G is a compact 6-dimensional solvmanifold. Let J be the almost complex structure on M arising by the complex (1, 0)-forms defined by Then we obtain:
defines a nowhere vanishing (3, 0)-form on M satisfying ∂ J = 0. Hence (Γ\G, κ, J, ) is a QIS manifold. It can be checked (see also [9] ) that the Riemannian manifold (M, g J ) is geometrically formal, i.e., the product of any two harmonic forms is still harmonic. Hence, it follows that the de Rham complex of M is formal in the sense of Deligne, Griffiths, Morgan and Sullivan (see [6] ). Furthermore, (M, κ) satisfies the Hard Lefschetz condition. On the other hand, by a result of Hasegawa (see [9] and [10] ), M has no Kähler structure, since the Lie algebra g is completely solvable.
We will construct now a QIS structure on a compact quotient of a 6-dimensional nilpotent Lie group. Example 4.4. -Let g be the 6-dimensional real Lie algebra with dual space g * spanned by {e 1 , . . . , e 6 } satisfying the following 
give rise to a quantum inner state structure on M .
Finally, we will present a QIS structure on a family of cohomologically Kähler compact 4-dimensional manifolds.
and c ∈ R is such that e c + e −c is a integer different from 2. Then there exists a uniform discrete subgroup Γ(c) such that Γ(c)\G(c) is a family of 3-dimensional compact solvmanifolds (see [1] ). Consider
then in [7] it is proved that the compact solvmanifolds M (c) are cohomologically Kähler. The following
Then, it is immediate to check that (M (c), κ, J, ) is a family of 4-dimensional quantum inner state solvmanifolds. It has to be remarked that M (c) has no holomorphic structures. Indeed, a direct computation shows that the Lie algebras g(c) are completely solvable. Therefore, in view of the Hattori Theorem (see [11] ), H * (M (c)) ∼ = H * (g(c) ). In particular, b 1 (M (c)) = 2 and consequently, if the completely solvable solvmanifold M (c) had a holomorphic structure, then it should carry a Kähler metric; but this is impossible by [9] . Example 4.6. -Let R 2n with coordinates (x 1 , . . . , x n , y 1 , . . . , y n ) and let
; it is immediate to check that
Therefore, J gives rise to an almost complex structure on the torus T 2n and it can be verified that J is κ 0 -calibrated, where κ 0 = n j=1 dx j ∧ dy j is the standard symplectic structure on T 2n . A global (1, 0)-frame is given by:
with (1, 0)-coframe:
then, defines a complex volume form on (T 2n , K) satisfying:
Hence, by (4.1), we obtain
We are going to modify to obtain a ∂ J -closed complex volume form. Assume that: 
Appendix
We restate and prove Lemma 3.4.
Lemma 3.4
Let L ∈ End (T M ) = Λ 1 (M ) ⊗ T M such that (I + L) ∈ Aut (T M ). Then the following formula holds
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Proof. -It is enough to prove that the formula above is true for f ∈ Λ 0 (M ) and α ∈ Λ 1 (M ) respectively. First of all, let f ∈ Λ 0 (M ). Indeed, for every vector field X, we have: We expand now the right hand side of the formula: we need to compute r(α), D L α and dα. We get 
